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ABSTRACT: We study the minimal unitary representations of non-compact groups and
supergroups obtained by quantization of their geometric realizations as quasi-conformal
groups and supergroups. The quasi-conformal groups G leave generalized light-cones de-
fined by a quartic norm invariant and have maximal rank subgroups of the form H xSL(2,R)
such that G/H x SL(2,R) are para-quaternionic symmetric spaces. We give a unified for-
mulation of the minimal unitary representations of simple non-compact groups of type Ao,
Ga, Dy,Fy, Fg, E7, Eg and Sp (2n,R). The minimal unitary representations of Sp (2n,R)
are simply the singleton representations and correspond to a degenerate limit of the uni-
fied construction. The minimal unitary representations of the other noncompact groups
SU (m,n), SO (m,n) , SO*(2n) and SL (m,R) are also given explicitly.

We extend our formalism to define and construct the corresponding minimal representations
of non-compact supergroups G whose even subgroups are of the form H x SL(2,R). If H is
noncompact then the supergroup G does not admit any unitary representations, in general.
The unified construction with H simple or Abelian leads to the minimal representations of
G(3),F(4) and O Sp (n|2,R) (in the degenerate limit). The minimal unitary representations
of OSp(n|2,R) with even subgroups SO(n) x SL(2,R) are the singleton representations.
We also give the minimal realization of the one parameter family of Lie superalgebras
D (2,1;0).
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1. Introduction

Inspired by the work on spectrum generating Lie algebras by physicists [ Joseph in-
troduced the concept of minimal unitary realizations of Lie algebras. It is basically de-
fined as a realization that exponentiates to a unitary representation of the corresponding
noncompact group on a Hilbert space of functions depending on the minimal number
of coordinates. Joseph gave the minimal realizations of the complex forms of classical
Lie algebras and of G5 in a Cartan-Weil basis [, {]. The existence of the minimal uni-
tary representation of Fgg) within the framework of Langland’s classification was first
proved by Vogan [{f] . Later, the minimal unitary representations of all simply laced
groups, were studied by Kazhdan and Savin [f], and Brylinski and Kostant [p]-f. Gross



and Wallach studied the minimal representations of quaternionic real forms of exceptional
groups [[l(]. For a review and the references on earlier work on the subject in the math-
ematics literature prior to 2000 we refer the reader to the review lectures of Jian-Shu
Li L.

The idea that the theta series of Egg) and its subgroups may describe the quantum
supermembrane in various dimensions [[2], led Pioline, Kazhdan and Waldron [[J to re-
formulate the minimal unitary representations of simply laced groups [f]. In particular,
they gave explicit realizations of the simple root (Chevalley) generators in terms of pseudo-
differential operators for the simply laced exceptional groups, together with the spherical
vectors necessary for the construction of modular forms.

Motivated mainly by the idea that the spectra of toroidally compactified M /superstring
theories must fall into unitary representations of their U-duality groups and towards the
goal of constructing these unitary representations Gilinaydin, Koepsell and Nicolai first
studied the geometric realizations of U-duality groups of the corresponding supergrav-
ity theories [[4]. In particular they gave geometric realizations of the U-duality groups
of maximal supergravity in four and three dimensions as conformal and quasiconformal
groups, respectively. The realization of the 3-dimensional U-duality group Fgg) of maxi-
mal supergravity given in [[[4] as a quasiconformal group that leaves invariant a generalized
light-cone with respect to a quartic norm in 57 dimensions is the first known geometric
realization of Fg. An FEy) covariant construction of the minimal unitary representa-
tion of Fgg) by quantization of its geometric realization as a quasi-conformal group 4
was then given in [[f]. The minimal unitary realization of the 3 dimensional U-duality
group Eg(_o4) of the exceptional supergravity [B7 by quantization of its geometric real-
ization as a quasiconformal group was subsequently given in [E] By consistent trunca-
tion the quasiconformal realizations of the other noncompact exceptional groups can be
obtained from those of Fgg) and FEg_g4). Apart from being the first known geometric
realization of the exceptional group of type Eg the quasiconformal realization has some
remarkable features. First, there exist different real forms of all simple groups that ad-
mit realizations as quasiconformal groups.! Therefore, the quasiconformal realizations
give a geometric meaning not only to the exceptional groups that appear in the last
row of the famous Magic Square [2§] but also extend to certain real forms of all simple
groups.

Another remarkable property of the quasiconformal realizations is the above mentioned
fact that their quantization leads, in a direct and simple manner, to the minimal unitary
representations of the corresponding noncompact groups [m E, EI]

Classification of the orbits of the actions of U-duality groups on the BPS black hole
solutions in maximal supergravity and N = 2 Maxwell-Einstein supergravity theories
(MESGT) in five and four dimensions given in [B0] suggested that four dimensional U-
duality may act as a spectrum generating conformal symmetry in five dimensions [B0, [[4].
Furthermore, the work of [[4] suggested that the 3 dimensional U duality group FEgg) of
maximal supergravity must similarly act as a spectrum generating quasiconformal symme-

'For SU(1,1) = SL(2,R) = Sp(2, R) the quasiconformal realization reduces to conformal realization.



try group in the charge space of BPS black hole solutions in four dimensions extended by
an extra coordinate which was interpreted as black hole entropy. This extends naturally to
3-dimensional U-duality groups of N = 2 MESGTSs acting as spectrum generating quasi-
conformal symmetry groups in four dimensions [BI]. More recently it was conjectured that
the indexed degeneracies of certain N = 8 and N = 4 BPS black holes are given by some
automorphic forms related to the minimal unitary representations of the corresponding 3
dimensional U-duality groups [BJ.

Motivated by the above mentioned results and conjectures stationary and spherically
symmetric solutions of N > 2 supergravities with symmetric scalar manifolds were re-
cently studied in [BJ]. By utilizing the equivalence of four dimensional attractor flow
with the geodesic motion on the scalar manifold of the corresponding three dimensional
theory the authors of [BJ] quantized the radial attractor flow, and argued that the three-
dimensional U-duality groups must act as spectrum generating symmetry for BPS black
hole degeneracies in 4 dimensions. They furthermore suggested that these degenera-
cies may be related to Fourier coefficients of certain modular forms of the 3-dimensional
U-duality groups, in particular those associated with their minimal unitary representa-
tions.

The quasiconformal realizations of noncompact groups represent natural extensions
of generalized conformal realizations of some of their subgroups and were studied from
a spacetime point of view in [[7]. The authors of [[[7 studied in detail the quasiconfor-
mal groups of generalized spacetimes defined by Jordan algebras of degree three. The
generic Jordan family of Euclidean Jordan algebras of degree three describe extensions of
the Minkowskian spacetimes by an extra “dilatonic” coordinate, whose rotation, Lorentz
and conformal groups are SO(d — 1),S0(d — 1,1) x SO(1,1) and SO(d,2) x SO(2,1), re-
spectively. The generalized spacetimes described by simple Euclidean Jordan algebras of
degree three correspond to extensions of Minkowskian spacetimes in the critical dimensions
(d =3,4,6,10) by a dilatonic and extra (2,4,8,16) commuting spinorial coordinates, re-
spectively. Their rotation, Lorentz and conformal groups are those that occur in the first
three rows of the Magic Square [R§]. For the generic Jordan family the quasiconformal
groups are SO(d 4+ 2,4). On the other hand, the quasiconformal groups of spacetimes de-
fined by simple Euclidean Jordan algebras of degree are F 44, Eg2), Er(_5) and Eg_ay).
The conformal subgroups of these quasiconformal groups are Sp(6,R), SU*(6),SO*(12)
and Er7(_5), respectively.

In this paper we give a unified construction of the minimal unitary representations
of noncompact groups by quantization of their geometric realizations as quasiconformal
groups and extend it to the construction of the minimal representations of noncompact
supergroups. In section 2 we explain the connection between minimal unitary represen-
tations of noncompact groups G and their unique para-quaternionic symmetric spaces of
the form G/H x SL(2,R), which was used in [BI] to give a classification and minimal
realizations of the real forms of infinite dimensional nonlinear quasi-superconformal Lie
algebras that contain the Virasoro algebra as a subalgebra [R0]. In section 3, using some
of the results of [RI]] we give a unified construction of the minimal unitary representations
of simple noncompact groups with H simple or Abelian. A degenerate limit of the uni-



fied construction leads to the minimal unitary representations of the symplectic groups
Sp(2n,R), which is discussed in section 4. In sections 5, 6 ,7 and 8 we give the minimal
unitary realizations of SO(p + 2,q + 2), SO*(2n +4), SU(n + 1,m + 1) and SL(n + 2,R),
respectively. In section 9 we extend our construction to the minimal realizations of non-
compact supergroups and present the unified construction of the minimal representations
of supergroups whose even subgroups are of the form H x SL(2,R) with H simple.The
construction of the minimal unitary realizations of O Sp(/N|2,R) corresponds to a degen-
erate limit of the unified construction and is discussed in section 10, where we also give

the minimal realization of D(2,1;«). Preliminary results of sections 3 and 9 appeared

in 9.

2. Minimal unitary representations of noncompact groups and para-
quaternionic symmetric spaces

The minimal dimensions for simple non-compact groups were determined by Joseph [f B].
For a particular noncompact group G the minimal dimension ¢ can be found by considering
the 5-graded decomposition of its Lie algebra g, determined by a distinguished sl(2,R)
subalgebra, of the form

g=g’eg e (e ageg (2.1)

where g*2 are 1-dimensional subspaces each, and A is the dilatation generator that deter-
mines the five grading. The generators belonging to the subspace g2 & A @ g2 form the
5[(2,R) subalgebra in question. The minimal dimension ¢ is simply

1
T +1
E—idlm(g )+ 1 (2.2)
If we denote the subgroup generated by the grade zero subalgebra g’ as H, then the
quotient
G

H x SL(2,R) (2:3)

is a para-quaternionic symmetric space in the terminology of [[J. Our goal in this paper
is to complete the construction of the minimal unitary representations of all such non-
compact groups by quantization of their quasiconformal realizations. Remarkably, the
para-quaternionic symmetric spaces arose earlier in the classification [PI] of infinite di-
mensional nonlinear quasi-superconformal Lie algebras that contain the Virasoro algebra
as a subalgebra.? Below we list all simple noncompact groups G of this type and their
subgroups H [R1]]:

2These infinite dimensional non-linear algebras were proposed as symmetry algebras that unify pertur-
bative (Virasoro) and non-perturbative (U-duality) symmetries [R2].



G H
SU(m,n) Um—1,n-1)
SL(n,R) GL(n —2,R)
SO(n,m) | SO(n —2,m —2) x SU(1,1)
SO*(2n) SO*(2n —4) x SU(2)
Sp(2n,R) Sp(2n — 2, R)

Fos) SL(6, R)
Eg(2) SU(3,3)
Fo14) SU(5,1)
Exn) SO(6,6)
Er s SO*(12)
Er(_25 SO(10,2)
Eg) Ern
Eg(—24) Er(_25)
F4(4) Sp(6,R)
Gg(g) SU(1,1)

The minimal unitary representations of the exceptional groups (Fy, Fg, E7, Eg) and of
SO(n,4) as well as the corresponding quasiconformal realizations were given in [[[6] 7.

3. Unified construction of the minimal unitary realizations of non-compact
groups with H simple or abelian

Consider the 5-graded decomposition of the Lie algebra g of G
g lag o (go o A) gl @gt?

Let J denote generators of the Lie algebra g® of H

[J“,Jb] — fab_je (3.1a)
where a,b,... = 1,... D and let p denote the symplectic representation by which g° acts
+1
on g
()7 B0 = (A" B [ F = (A" gF” (3.1b)
where B, o, 3,... = 1,...,N = dim(p) are generators that span the subspace g~!
[EO‘,EB} — 209 (3.1c)

and F® are generators that span g*?
[Fa ,Fﬁ} = 2000 (3.1d)

and Q% is the symplectic invariant “metric” of the representation p. The negative grade
generators form a Heisenberg subalgebra since

[E°,E] =0 (3.1e)



with the grade -2 generator E acting as its central charge. Similarly the positive grade
generators form a Heisenberg algebra with the grade 42 generator F' acting as its central
charge. The remaining nonvanishing commutation relations of g are

Fo = (B, F] (A, B%] =
E* =[E,F° A, F = F (3.1f)
[EQ,FB} = QA 4 eXoO A, ) =
(A, F] = 2F

where A is the generator that determines the five grading and € is a parameter to be
determined.

We shall realize the generators using bosonic oscillators €% satisfying the canonical
commutation relations

[6.¢%] = a7 (3.2)
The grade -1, -2 generators and those of H can be realized easily as
1 1
E = 5Y 2 EY=y&r J0= _§Aaaﬁga55 (3.3)

where y, at this point, is an extra “coordinate” such that %yQ acts as the central charge of
the Heisenberg algebra formed by the negative grade generators.

Now there may exist different real forms of G with different subgroups H. For reasons
that will become obvious we shall assume that a real form of G exists for which H is simple.
We shall follow the conventions of [RI]] throughout this paper except for the occasional use
of Cartan labeling of simple Lie algebras whenever we are not considering specific real
forms.

The quadratic Casimir operator of the Lie algebra g° of H is

Co (0") = napJJ° (3.4)

where 7, is the Killing metric of H. The minimal realizations given in [[[6, [3, and the
results of P1]] suggest an Ansatz for the grade +2 generator F of the form

F= %p2 + Ky 2 (Co + €) (3.5)
where p is the momentum conjugate to the coordinate y
ly,p] =i (3.6)
and k and € are some constants to be determined later. This implies then
F® = [E F] = ip&* + ry ' [£*, 0o
= ip€® —wy ' 200567 a + Cp°] (3.7)

where C,, is the eigenvalue of the second order Casimir of H in the representation p.3

3Note that the indices «, 3, . .. are raised and lowered with the antisymmetric symplectic metric Q** =
—QP that satisfies Q*’Q.5 = dg and V< = Q*PVs, and V, = VPQg,. In particular, we have VoW, =
—VaWe.



We choose the normalization of the representation matrices \ as in [0,

a0 aya 6 o C 1e% (0% « 6
NNy = XNy = g (0070 200 4 000 35
which implies
Aigkf” = —C,0) (3.9)

The unknown constants in our Ansatz will be determined by requiring that generators

satisfy the commutation relations (B.1]) of the Lie algebra g. We first consider commutators

of elements of g' and g—!

(B P =i(yp) 0 — P ¢ 4 ¢, €7, (3.10)
which, upon using the identity,
[€%,Co) = —2(A")* &7 Jq — Cp ™ (3.11)
leads to
[Ea , Fﬁ] = —AQY {i—cjf\’f - %} (5“55 + gﬁga) — 6k (AP ], (3.12)
where A = —% (yp + py). Now the bilinears ({0‘{5 + 5550‘) generate the Lie algebra of

¢n/2 (sp (V) under commutation. Hence for those Lie algebras g whose subalgebras g0 are
different from ¢y closure requires that the coefficient of the second term vanish
3kC, 1

S 1
rN 2" (3:13)

For Lie algebras g whose subalgebras g° are of type ¢/, we have
(M) I ~ €7 + €760

Hence we do not get any constraints on s from the above commutation relation.
Next, let us compute the commutator

L e Ol ] e e Y el | P U CR DD
Using (B.§), (B.11) we write the terms linear in % on the right hand side as
y—’z (- [¢.0) + €716 cal) = y% (G042 (€200), = 0 ) €1) . (3.15)

The terms quadratic in x on the right hand side gives

N o

ik (3 (AW) gy —2 (Abv)ﬁa Jady + fa (A, (Ab)ﬁyg“f”Jc>

(€20), = 00", ) €10 — kC2Q°



Using these two expressions above (B.14) becomes

1 1 (k2 K
e} 6| _ -2 2 af
[F JF ] = 2(21) +—y2 (—2 O 20p>> Q

4 « a a\&
oy (€0, =00, ) €,

+4yi22 (3 (m“)aﬁ Jady —2 (m“)ﬁ“ Jody + fabC(A“>au(Ab)ﬁys%”Jc)
(3.16)
Now the right hand side of (B.1§) must equal 2Q*°F with
F= %pQ + kY 2(Cy + €
per our Ansatz. Contracting the right hand side of (B.16]) with g, we get
-N <p2 + % (K*C3 - mc,))> — %/{ (=16 + 20ki 0 — 4kCaqj) Ca (3.17)

where i, is the Dynkin index of the representation p of H and Cyg; is the eigenvalue of the
second order Casimir in the adjoint of H. To obtain this result one uses the fact that

A& AP = —i 02
where £ is the length of the longest root of H.* Using
Cogqj = —L*hY (3.18)
where h" is the dual Coxeter number of g° subalgebra of g, the closure then requires
(=8 4 10ri 0* + 2khV (%) = N (3.19)

Equations (B.13) and (B.19), combined with

, N
ipl? = G (3.20)

Py hY 3D
—=——(N+8) -5 3.21
i, N(N+ 1)( 8 (3:21)

The validity of the above expression can be verified explicitly by comparing with table
1 of [21]}, relevant part of which is collected in table [l] for convenience. Furthermore, it was
shown in [RI] that all the groups and the corresponding symplectic representations listed
in the above table satisfy the equation

D 3D
W=2,=—4—--——-1 .22
' (N TNOFV > (3.22)

4The length squared £2 of the longest root is normalized such that it is 2 for the simply laced algebras, 4
for By, Cr and Fy and 6 for G2. The i,,C, and ¢ are related by i, = %2‘1 where D = dim(H) = dim(g°).



¢ | D hY N =dimp | i,
& [n(2n+1) | n+1|2n i
as | 35 6 20 3
06 | 66 10 32 4
e7 | 133 18 56 6
3 | 21 4 14 5
ay 3 2 4 5

Table 1: The list of grade zero subalgebras ¢° with dual Coxeter number k" that are simple and
with irreducible action p on grade +1 subspace. i, is the Dynkin index of the representation p.

which was obtained as a consistency condition for the existence of certain class of infinite
dimensional nonlinear quasi-superconformal algebras. Comparing this equation with the
equation () we see that they are consistent with each other if

3N (N +1)
D= / 3.23
N +16 ( )

Requirement of [F', F*] = 0 leads to the condition
E¥(Ca+€)+ (Co+ €)X + K [Ca, [€%,Co]] =0 (3.24)
Using (B.11]) and [C2, J%] = 0 we arrive at
267 (Co+ @) +2(1 = KC)) Cp€® +2(1 — kCp) (A)* €T,

3.25
—4/<;<)\a)\b) aﬁ €87, J0 = 0 (3.25)
In order to extract restrictions on g implied by the above equation we contract it with
§7Q,, and obtain
hY D
LA Y
i, N(N+1)

It agrees with (B-21)) provided (B.23]) holds true. Making use of

N=2(g" -2)

—8)+1. (3.26)

where gV is the dual Coxeter number of the Lie algebra g and (B.23) we obtain

(9" +1) (5" —6)
g¥ +6

dim(g) =2+ 2N +1+dim (¢°) =1+2(N+1)+ D =2 (3.27)

Equation (8:24) and the requirement of the right hand side of (B.1f) to equal to 2Q%° F
imply restriction on matrices A\* for which (B-21) and (B-26]) are only necessary conditions.
We expect these conditions to be derivable from the identities satisfied by the corresponding
Freudenthal triple systems [Bf] that underlie the quasiconformal actions and the minimal
realizations [[[4], [[7].

By going through the list of simple Lie algebras [R5] collected for convenience in table §]
we see that the equation (B.29) is valid only for the Lie algebras of simple groups A1, A,



g | dim(g) |gY Eqtn. (B.27) holds ?
a, | n?+2n | n+1 | for a; and as only
b, | 2n°+n | 2n—1 | no

o | 2n2+n | n+1 no

o, | 2n%2 —n | 2n —2 | for 04 only

e | 78 12 yes
e7 | 133 18 yes
es | 248 30 yes
fa | 52 9 yes
go | 14 4 yes

Table 2: Dimensions and dual Coxeter numbers of simple Lie algebras. In order for the Lie algebra
to admit a non-trivial 5-graded decomposition its dimension must be greater than 6. This rules out

5[(2) for which (B.27) also holds.

Go, Dy, Fy,Fg, E7 and Eg. For A; our realization reduces simply to the conformal realiza-
tion. With the exception of Dy, what these groups have in common is the fact that their
subgroups H are either simple or one dimensional Abelian as expected by the consistency
with our Ansatz. The reason our Ansatz also covers the case of D4 has to do with its
unique properties. The subalgebra g° of 94 is the direct sum of three copies of a;

902111@111@111

The eigenvalues of the quadratic Casimirs of these subalgebras a; as well as their Dynkin
indices in the representation p coincide as required by the consistency with our Ansatz.
These groups appear in the last row of the so-called Magic Triangle [R6] which extends the
Magic Square of Freudenthal, Rozenfeld and Tits [2g].

There is, in addition, an infinite family of non-compact groups for which H is sim-
ple, namely the noncompact symplectic groups Sp(2n + 2,R) with dimp = 2n and H =
Sp(2n,R). However, as remarked above, the constraint (B.13) and hence the equation (B.23)
do not follow from our Ansatz for the symplectic groups. The quartic invariant becomes
degenerate for symplectic groups and the minimal unitary realizations reduce to free boson
construction of the singleton representations for these groups as will be discussed in the
next section.

The minimal unitary realizations of noncompact groups appearing in the Magic Trian-
gle [2§, RG] can be obtained by consistent truncation of the minimal unitary realizations of
the groups appearing in its last row [I5, [4, [4]. We should stress that there are different
real forms of the groups appearing in the Magic Square or its straightforward extension to
the Magic Triangle. Different real forms in our unified construction correspond to different
hermiticity conditions on the bosonic oscillators ¢ [[LF]. After specifying the hermiticity
properties of the oscillators £€¢ one goes to a Hermitian (anti-hermitian) basis of the Lie
algebra g with purely imaginary (real) structure constants to calculate the Killing metric

which determines the real form corresponding to the minimal unitary realization.

,10,



The quadratic Casimir operator of the Lie algebra constructed in a unified manner
above is given by

20,
N+1

Co (g) =J%J, +

1 C
SA24+ EF4+FE) - —"_q, (EaFﬁ FBEO‘> 2
(2 + + > N1 8 + (3 8)

which, upon using (B.13J) and the following identities

1 3
§A2+EF+FE:/<(J“JG+€)— 3
N (3.29)
Qg (BOF® + FPE*) = 8KJJ, + 5 + KCN
that follow from our Ansatz, reduces to a c-number
8xC 3 C N C kKCIN
Co(g) =€ Fop Y2 = 2N & M
N+1 4 N+1 2 N+1 N+1 (3.30)

C, (N +4)(5N +8)
= (using eq.()) _3_6P N +1

as required by irreducibility. We should note that this result agrees with explicit calcula-
tions for the Lie algebras of the Magic Square in [[[5]. In the normalization chosen there
k = 2 and hence 12C, = N + 1. Then, using N = 2¢g" — 4 we get

1

Ca (g) = ~18 (59" —6) g". (3.31)

4. The minimal unitary representations of Sp (2n + 2, R)
The Lie algebra of Sp (2n + 2,R) has a 5-grading of the form
sp(2n+2,R)=FEDE*® (sp(2n,R) @A) F* O F (4.1)

where % = y&¢, and F = %yZ. Generators of the grade zero subalgebra g° = sp (2n, R)
are given simply by the symmetrized bilinears ( modulo normalization)

—2(X\)*P J = g2¢P + gPee (4.2)

which is simply the singleton ( metaplectic) realization of sp(2n,R). The quadratic Casimir
of sp (2n,R) in the singleton realizaton is simply a c-number. As stated in the previous
section the constraint equation (B:I3) that follow from the commutation relations [E®, F”]
can not be imposed in the case of symplectic Lie algebras Sp(2n + 2,R). However the
equation (B.24) that follows from our Ansatz requires that Co + € = 0 or k = 0 for the
symplectic Lie algebras Sp (2n + 2,R). In other words F' = %pQ. Thus

Fe = [E%, F] = ipe® (4.3)
5.5 = ()7 — e
_ _ba_Llias | Bea
= —2A- (e + %) (4.4)

— 11 —



Thus the minimal unitary realization of the symplectic group Sp(2n + 2,R) obtained by
quantization of its quasiconformal realization is simply the singleton realization in terms
bilinears of the 2n + 2 oscillators (annihilation and creation operators) (£<,y,p). The
quadratic Casimir of sp (2n 4+ 2,R) is also a c-number.

That the quadratic Casimir is a c-number is only a necessary requirement for the
irreducibility of the corresponding represenation. For the above singleton realization the
entire Fock space of all the oscillators decompose into the direct sum of the two inequivalent
singleton representations that have the same eigenvalue of the quadratic Casimir. They
are both unitary lowest weight representations. By choosing a definite polarization one can
define n + 1 annihilation operators

1

ap = %(ZH-Z'P)

1 ) )
ai= = +iE"™)  i=12....n

and n + 1 creation operators
o = ——(y - ip)
2

ai _ %(gz _ an-H)

in terms of the (n+1) coordinates and (n+1) momenta. The vacuum vector |0) annihilated
by all the annihilation operators

a0‘0> = ai]0> =0
is the lowest weight vector of the “scalar” singleton irrep of Sp(2n+2,R) and (n+1) vectors
a’[0), a'[0)

form the lowest K-vector of the other singleton irrep of Sp(2n + 2,R). In other words the
lowest K vector of the scalar singleton is an SU(n + 1) scalar, while the lowest K-vector of
the other singleton irrep is a vector of SU(n + 1) subgroup of Sp(2n + 2,R). Both lowest
K-vectors carry a nonzero U(1) charge.

The reason for the reduction of the minimal unitary realizations of the Lie algebras
of symplectic groups Sp(2n + 2,R) to bilinears, and hence to a free boson construction,
is the fact that there do not exist any nontrivial quartic invariant of Sp(2n,R) defined by
an irreducible symmetric tensor in the fundamental representation 2n. We have only the
skew symmetric symplectic invariant tensor (2a/3 in the fundamental representation, which
when contracted with £*¢? gives a c-number.

In the light of the above results one may wonder how the quasi-conformal realization
of sp (2n + 2,R) can be made manifest. Before quantisation we have 2n + 1 coordinates
X = (X%, x) on which we realize sp (2n + 2,R):

N(X) = I, (X¥) — 22 (4.5)
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since Iy (X®) = 0. With the “twisted” difference vector defined as [[[4]
I(XY)=(X*-Y% 2 —y+(X,Y)) (4.6)
The equation defining the generalized lightcone
N (5 (X,Y)) =0

then reduces to
r—y+(X,Y)=0 (4.7)

where (X,Y) = Q,3X°YP. By reinterpreting the coordinates (X¢,z) and (Y%,y) as
projective coordinates in 2n+42 dimensional space

_ &
r= £n+1
I
X = £n+1
_
Y= nn+1
_n
Ye = nn—l—l

the above equation for the light cone can be written in the form
ot — et 4 Qupen® =0

which is manifestly invariant under Sp(2n + 2, R).

5. Minimal unitary realizations of the quasiconformal groups
SO(p+ 2,9+ 2)

In our earlier work [[[7] we constructed the minimal unitary representations of SO (d + 2, 4)
obtained by quantization of their realizations as quasiconformal groups. That construction
carries over in a straightforward manner to the other real forms SO (p 4 2, g + 2) which we
give in this section. They were studied also in [B4] using the quasiconformal approach and
in [BY] by other methods.

Now the relevant subgroup for the minimal unitary realization is

SO(p, q) x SO(2,2) € SO(p + 2, + 2) (5.1)

where

SO(2,2) = SI(2,R) x SI(2,R) = Sp(2,R) x Sp(2, R) (5.2)

and one of factors above can be identified with the distinguished SI(2,R) subgroup. The
relevant 5-grading of the Lie algebra of SO(p + 2, ¢ + 2) is then given as

sop+2,g+2) =g @g ' d(so(p.g)@sp(2LR)BA) D gt @ gt? (5.3)
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where grade 41 subspaces transform in the [(p + ¢),2] dimensional representation of
SO(p,q) x SU2,R).

Let X# and P, be canonical coordinates and momenta in R®:9):
[XH, P, =iok (5.4)
Also let  be an additional “cocycle” coordinate and p be its conjugate momentum:
[, p] =i (5.5)
They are taken to satisfy the following Hermiticity conditions:
(X =nwXx”  (B)=9vP, pl=p al=uz (5.6)

where 7, is the SO(p, ¢) invariant metric. The subgroup H of SO(p+2,¢+2) is SO(p, q) x
Sp(2,R); whose generators we will denote as (M, J+, Jo). The grade —1 generators will
be denoted as (U,, V#) and the grade —2 generator as K_. The generators of H, its 4-th
order invariant Z, and the negative grade generators are realized as follows:

U,=2zP, VH =g XH
. J_ = X“X”n,w
K_ = 51'2 J+ = P“PVT]“V (57)

I, = (XHXVU;W) (PMPVUHV) + (PMPVWWJ) (XﬂXymw)
— (X*P,) (P, X") — (P, X")(X"P,)

where 7, is the flat metric with signature (p, q).
It is easy to verify that the generators M, and Jy + satisfy the commutation relations

of 50 (p,q) ®sp (2,R)

[M;w’ Mp’T] = nupM;rr - nupMuT + nMTMl/p - nl/TMup

(5.8)
[Jo, Ju] = £2iJy  [J_, 4] = 4iJy

under which coordinates X* and momenta P, transform as SO (p,q) vectors and form

doublets of the symplectic group Sp(2,R) s:

[Jo, VH] = —iVF [J_,VF] =0 [Jy, VF] = =2in*"U, (5.9)
Jo,Uu) = +iU,  [J-,U,] = 2in, V" [J4, U] =0
The generators in the subspace g~! @ g~2 form a Heisenberg algebra
[V#, U, = 2i0", K_ . (5.10)
with K_ playing the role of central charge.
Using the quartic invariant we define the grade +2 generator as
Ky = %1724r4—1y2 <I4+ (p+q_22)2+3> (5.11)
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Then the grade +1 generators are obtained by commutation relations
Vi =—i[VM Ky U, =—ilU,, K] (5.12)
which explicitly read as follows

. 1
Vi = pX¥ 4 so (RXAXS 4 XPXPR, ) 0,

1
- Zm_l (X" (X"P, + P,X")+ (X"P, + P,X") X*)

. 1 (5.13)
U, =pP, — 5:6_1 (XYP\P, + P\P,X") nun’™
1
+ Zfl (P, (X"P, + P,X")+ (X"P, + P,X")P,).
Then one finds that the generators in gt @ g*? subspace form an Heisenberg algebra as

well
V0| = 2iet K V=i VK] U =i O K. (5.14)

Commutators [gfl, g“] close into g¥ as follows
VO] = imd (V07| =iy
[V“, Uy] = PP M, + i, (Jo + A) (5.15)
[Uﬂ’ VV] = =20 Myp +16", (Jo — A)

where A is the generator that determines the 5-grading
1

A= 3 (xp + px) (5.16)

such that
[K_,K;]=1iA A Ki] = +2iK, (5.17)
AU = =il [AVH] =iV [AT] =il, [ave] =iV (5.18)

The quadratic Casimir operators of subalgebras so (p,q), sp (2,R) ; of grade zero subspace
and sp (2,R) . generated by K4 and A are

M, M" = =Ty —2(p+q)
1
J_Jy+Jpd. —2(J)=Ts+ 5+ q)? (5.19)

1 1 1
K K +K,K_— §A2 = Latg+ Q)

Note that they all reduce to Z, modulo some additive and multiplicative constants. Noting
also that

(U,ﬁ/“ + ViU, - VD, - UMV“) =2+ (p+q) (p+q+4) (5.20)
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we conclude that there exists a family of degree 2 polynomials in the enveloping algebra
of s0(p+2,q+2) that degenerate to a c-number for the minimal unitary realization, in
accordance with Joseph’s theorem [[[§]:

1
MﬂyMﬂy + K1 (J7J+ + J+J7 -2 (J0)2> + 4/62 (KK+ + K+K7 — §A2>

1 - - - -
— 5 (k1 + k2 = 1) (V" + ViU, - ViU, - 0,V (5.21)
1
= §(P+Q) (p+q—4 (k1 + K2))
The quadratic Casimir of so (p+ 2,q + 2) corresponds to the choice 2k; = 2k = —1

in (F-21)). Hence the eigenvalue of the quadratic Casimir for the minimal unitary represen-
tation is equal to % p+q) (p+qg+4).

6. Minimal unitary realizations of the quasiconformal groups
SO*(2n +4)

The noncompact group SO*(2n+4) is a subgroup of SL(2n+4, C) whose maximal compact
subgroup is U(n + 2). We have the inclusions

SO*(2n +4) c SU*(2n+4) C SL(2n +4,C) (6.1)

As a matrix group SU*(2n +4) is generated by matrices U belonging to SL(2n + 4, C) that
satisfy
Ul =JU" (6.2)

where J is a (2n + 4) x (2n + 4) matrix that is antisymmetric

W'=-J (6.3)
and whose square is the identity matrix

I? =1 (6.4)

The matrices U belonging to the subgroup SO*(2n+4) of SU*(2n +4) satisty, in addition,
the condition
vul =1 (6.5)
Thus SO*(2n+4) leaves invariant both the Euclidean metric d;; and the complex structure
Jrg = =0y where I, J,... =1,2,...2n 4+ 4. Hence SO*(2n + 4) is also a subgroup of the
complex rotation group SO(2n + 4, C).
To obtain the 5-grading of the Lie algebra of SO*(2n+4) so as to construct its minimal
unitary representation we need to consider its decomposition with respect to its subgroup

SO*(2n) x SO*(4) € SO*(2n + 4) (6.6)

where

SO*(4) = SU(2) x SL(2,R) (6.7)
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The distinguished SL(2,R) subgroup can then be identified with the factor SL(2,R) above.
The corresponding 5-grading of the Lie algebra of SO*(2n + 4) is then

50°(2n+4) =g 2 Dg @ (s0"(2n) Dsu(2) D A) @ gt @ g™ (6.8)

where grade +1 subspaces transform in the [2n, 2] dimensional representation of SO*(2n) x
SU(2). Let X* and P, be canonical coordinates and momenta in R

[XH, P, =0k (6.9)
They satisfy the Hermiticity conditions
(XM = J,, X" (6.10)
(Pt =1"P, (6.11)
Let = be an additional “cocycle” coordinate and p be its conjugate momentum:
[z,p] =i (6.12)

as in the previous section. The subgroup H is now SO*(2n) x SU(2); whose generators
are (M, J+, Jo). The grade —1 generators will be denoted as (U, V*) and the grade —2
generator as K_ as in the previous section. The generators of H, its 4-th order invariant
7, and the negative grade generators are realized as follows:

— : 1
My, = 10, X" P, — i6,p X" P, Jo = 3 (X#P,+ P,X")
— B w
Uﬂ—afi’Pﬂ VE =X g xnxH
K_ = §x2 J, = P,P, (6.13)

Ty = (XPX") (P,P,) + (PuP,) (X" X")
— (X"P,) (R,X") - (P,X") (X"P,)
where d,,, is the flat Euclidean metric in 2n dimensions.

It is easy to verify that the generators M, and Jy + satisfy the commutation relations
of 50* (2n) ® su (2) ;:

[M/Jl/a MPT] = 5upM,uT - 5ﬂle/T + nuTMup - nl/TMﬂp

(6.14)
o, Ji] = +2idy  [J_, Jy] = 4iJ;

under which coordinates X* (V#) and momenta P* (U*) transform as vectors of SO*(2n)
and form doublets of SU(2):

[Jo, VH] = —iVF [J_,VHF] =0 [y, VH] = =2iU" (6.15)
[Jo, U] = +iU,  [J_, U] =2iV,,  [J1, U] =0 '
The generators in the subspace g~! @ g~2 form a Heisenberg algebra
[VH U, = 2i0", K_ . (6.16)
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with K_ playing the role of “A”.
Using the quartic invariant we define the grade +2 generator as

K, = %pQ + ﬁ <I4 + w> (6.17)
Then the grade +1 generators are obtained by commutation relations
V= VA KL D= iU K (6.19
which explicitly read as follows
VH = pXH 4 %fl <P,,X’\XP n XAX”P,,) 70
— imfl (X" (XYP,+ P,X")+ (X"P, + P, X") X*) 619

7 1 — v v
Uy =pPu— 52~ (X"PAP, + PAR,XY) ™
1
+ Zx_l (P, (X"P, + P,X")+ (X"P, + P,X")P,).

Then one finds that the generators in gt @ g+? subspace form an Heisenberg algebra as
well

O, =2t Ky V=i [VRE] Uy =i [0 K] (6.20)
Commutators [g!, g*!] close into g° as follows
[UM,UV] = i ] [V“,f/”] — i,
[V“, Uy] = 2P M, + i, (Jo + A) (6.21)
(U V7 = =20 My + 087 (Jo = A)

where A is the generator that determines the 5-grading

1
A= 3 (xp + px) (6.22)
such that
K K] =iA  [AKy]=+2iK. (6.23)
A U] = =il [AVH] = =iV |AD,| =il, [AVE] =iV (6.24)

The quadratic Casimir operators of subalgebras so* (2n), su(2); of grade zero subspace
and sp (2,R) .- generated by Kt and A are

My, M"Y = —T4 — 2(p+ q)
1
J_Jy+Jpd —2(J)=Ts+ 5+ q)? (6.25)

1 1.1
K Ky + Ky Ko = 50" = 2T+ < (0+q)°
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Note that they all reduce to Z4 modulo some additive and multiplicative constants. Noting
also that
<UHV“ +VHU, — VIO, — Uﬂw) — 2T+ (p+q) (p+q+4) (6.26)

we conclude that there exists a family of degree 2 polynomials in the enveloping alge-
bra of so* (2n 4 4) that degenerate to a c-number for the minimal unitary realization, in
accordance with Joseph’s theorem [[L§]:

1
MﬂyMﬂy + K1 (J7J+ + J+J7 -2 (J0)2> + 4/62 (KK+ + K+K7 — §A2>

1 ~ ~ = = 6.27

— 5 (k1 + k2 = 1) (V" + ViU, - viu, - V") (6.27)
=n(2n—4 (k1 + k2 — 1))

The quadratic Casimir of so* (2n 4 4) corresponds to the choice 2k; = 2ky = —1

in (6.27). Hence the eigenvalue of the quadratic Casimir for the minimal unitary represen-
tation is equal to 2n (n + 2).

7. Minimal unitary realizations of the quasiconformal groups
SU(n+1,m+1)

The Lie algebra su(n+ 1,m + 1) admits the following five graded decomposition with
respect to its subalgebra su (n, m):

sun+1,m+1)=1®2n+m)® (su(n,m)du(l)) ®@2(n+m)®1

It is realized by means of m + n pairs of creation and annihilation operators subject to the

following Hermiticity condition:
(@) =nPla,  [ag,af] = 0F,. (7.1)

Following the steps laid down in previous sections we define generators of H as bilinears

in creation and annihilation operators

JPy =dPa, — éPqa"a, (7.2a)

n

Negative grade generators are
1
E = 5952 EP = za? FE;=xa, (7.2b)

The quartic invariant Z, is related to the quadratic Casimir of H simply

2(m+n)

Iy= —~
4 m+n-—1

1 2
JP o J, + 3 <(m +n)” — 1) (7.2¢)
where the additive constant was determined such that

F = —p° + __1'4 (72d)
x
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The positive grade g™! generators are then found by commuting F with generators of g~!

FP=—i[EP F| F,=—i[E, F] (7.2e)
The u(1) generator of grade 0 subalgebra is also bilinear in oscillators
1
U= 3 (aPa, + apa®) (7.2f)

Quadratic Casimir of the algebra in this realization reduces to a c-number

1 1 1 Il m4+n+2
———JgP, gl + A2 _(EF+FE)— ——1 T 7j?
C2 T 6( +FE) - 35 m+n v
i
T (E,FP + FPE, — F,EP — EPF),) (7.3)
=5 (mAn+2)(m+n+1)

Positive and negative grades generators transform in the (n +m)*' @ (n +m)™' @ 1°
representation of H and satisfy

(TP, J%1] = 6%, 7 — 6P 1J°,

[Pg, %) = 6% B — +1 7,
[JPq, F?°] = 8°FP — o i m(quFS (7.4)
Py By = 67 E, + HLmapqu
(P4 B = 6., + i i,
U,E’] = E* [U,F?|=F° [UE,)=-E, [UF,)=-F, (7.5)
(A EP] = —iEP [AE,)| = —iE, [A FP]=iFP [A FE)]=iF, (7.6)
A F| = 2F  [AE|=—-%E (B, F|] =iA (7.7)

The remaining non-zero commutation relations are as follows:

[E,,EY =2E  [F,,F7] =2F (7.8)
2
B7,F)) = 2ig7, + 2 2 v sr A
m—+n (7 9)
m+n+ 2 ’

By, F1] = =20 — ——— =g, — 04\

[F,E,| = —iF, |[F,EP]=—iF® |E,F,)|=iE, [E,F"]=iE" (7.10)
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8. Minimal unitary realizations of the quasiconformal groups
SL(n+2,R)

The construction of the minimal unitary realization of the quasiconformal algebra sl(n +

2,R) traces the same steps as in the previous section. The five-graded decomposition is as

follows
sim+2,R)=1dnon) @ (@gl(n,R)aA)d(ndn)d1

Since n & 7 is a direct sum of two inequivalent self-conjugate vector representations of

gl (n,R), we use coordinates X* and momenta P, as oscillator generators, where p =

1,...,n, with canonical commutation relations:
[XH, P, =i6",

Generators of gl (n,R)
£r, = % (X"P, + P, X")

have the following commutation relations

(LH,, LT, =0T, LH,— 0", L7,
The one-dimensional center of the reductive algebra gl (n,R) is spanned by

n
U= Z £
p=1
The quadratic Casimir of gl (n,R) is given simply as a trace of £2:
Ca (91 (m, ) = £#,L7, = 7 = (X"B,) (PX")

Generators of the negative grades

L 9

E:§x Bt =g X* E,=zP,

form the Heisenberg algebra

[EF,E,] = (21F) §*, [E,E¥] =0

[EY,EF] =0 [E,E,] =0 [E,, E,] =0
The generator of grade +2 subspace takes on the familiar form

1 11 1 11 /n2-1
F=>-p"+--T. 24— —(X*P,)) (P,X"
P TaEt Ty +2x2< -~ &R)(E )>

4= 5P
and leads to the following grade +1 generators

11
Pl = —ife X", F] = pX¥ — 2= (X" (B,XY) + (X"P,) X*)

— 21 —
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. 11 v v
F,=—i[zP,, F] =pP, + 3% (P, (P,X")+ (X"P,)) P,) (8.8¢)

They form the dual Heisenberg algebra

[F* F,] = (2iF)é",  [F,F" =0

P (8.9)
[FY,FF1 =0 [F,F,] =0 [F,F,] =0
Subspaces g*! transform under gl (n,R) as n @ n each:
[Eum Ep] =0, EH [EMV’ Ep] = _(wau (8 10)
(Lt FP) =, F* (LM, F,) = —6",F, '
Other cross grade commutation relations read
[E,FF)=4E" [E,F,)=1E, [F,E"]=—iF" |[F,E,]=—iF, (8.11)
[E, F] =iA [A,E] = —2iF [A,F] = 4+2iF (8.12)
A, EH] = —iE" AR =—iF
A FM] = 4iF" A F,] = +iF),
[EH,F"] =0 By, F)]=0 (8.14)
[EF,F,] =2LF, + 0", (U +iA) (8.15)
(B, F¥) = 2L, 4 6%, (U —iA) '
A short calculation verifies that the quadratic Casimir of sl (n + 2,R) is
v 1 v 1 2
Co =LV, LY, + - (LF) (L) — A+ (EF + FE)
. 2 2 (8.16)
+ 3 (E'F, + F,E" — F'E, — E, F")
When evaluated on the quasi-conformal realization it reduces to c-number:
1
Co=—(n+2)(n+1) (8.17)

4

Quadratic Casimir is just an element of the Joseph ideal as follows from relations below

1 3 1
LML+ 5 (L) (£7) = STa+ 5 (3= 2n (n = 1)) (8.18)
1 1 3
— A’ 4 (EF 4+ FE) =1, — - (8.19)
2 2 8
1 7 7 H 7 L
5 (B'Fy + FyB" — F'E, — B, F") = —2T; — n+ - (8.20)

Namely, any linear combination of the above three expressions collapses to a c-number
provided coeflicients are matched as to cancel all Z,.

— 22 —



9. Minimal unitary realizations of Lie superalgebras

In this section we will extend the construction of the minimal unitary representations of Lie
groups obtained by quantization of their quasi conformal realizations to the construction
of the minimal representations of Lie superalgebras. In analogy with the Lie algebras we

consider 5-graded simple Lie superalgebras
0 @er @ (@A) e @gf (9.1)

where g2 are 1-dimensional subspaces each, and g2 @ A @ g*? form s[(2,R). In this
paper we restrict ourselves to Lie superalgebras whose grade 41 generators are all odd (
exhaustively). Let J% denote generators of g°

[J“ , Jb] — jab_je (9.2)

and let p denote the irreducible orthogonal representation with a definite Dynkin index by
which g° acts on g*!

[J*, E*] = X@3EP  [J*, FY = \*“sFP (9.3)

where E® are odd generators that span g~

{Ea | EP } = Q9F (9.4)
and F® generators that span gt!

{FO‘ : Fﬁ} — QPR (9.5)

and Q?ﬁ is now a symmetric invariant tensor. Hence negative (positive) grade subspace
form a super Heisenberg algebra. Due to 5-graded structure we can impose

F*=[E* F] E“=[E,F° (9.6)

Now we realize the generators using anti-commuting covariant oscillators £

{en.e} =aor 9.7)
plus an extra bosonic coordinate y and its conjugate momentum p. The non-positive grade
generators take the form °

1 2 a « a 1 a a ¢
E=gy® BT =ye  Jt = -\t (9.8)

The quadratic Casimir of g° is taken to be

C2 (9°) = napJ*J° (9.9)

SWe are following conventions of [@] for superalgebras as well.
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and the grade +2 generator F' is assumed to be of the form

1
F= §p2 + kY 2(Cy + € (9.10)

for some constants k and € to be determined later. Commuting E with F'* we obtain
F* =ip&* + ry 1 [€*,Co] (9.11)
By inspection we have
€, Co) = =2 (X)) 5¢" Ja + C,&° (9.12)
and we shall use the following Ansatz [RI]

(e} a (07 C (0% (07 (%
(A7, (0a)% + A7 (a5 = 77 (9859575%—5576 5—26 ,7565) (9.13)

to calculate the remaining super commutation relations.
For the anticommutators of grade +1 generators with grade -1 generators we get

{EQ,FB} - i(yp)Q?ﬁ—i—ﬁﬁﬁa—{—li{ga, [gﬁ,CQ]} (9.14)
(5} = o (355 (0 -¢)

Now the bilinears (5550‘ — 50‘55) on the right hand side generate the Lie algebra so(N).
Therefore, for those Lie superalgebras whose grade zero subalgebras ¢° are different from
s0(N) we must impose the constraint:

(;’ff”l - %) (9.15)

For the anticommutators {Fa, Fﬁ} we get

{Fo o) = prar? - (e [0 + €01 Gl - w {lecal [, ) 016m)

2
e « p k 1 2 1 a
{Fe, PP} = —2P028 = -2 (7 + <§ncp +5C, ) ) ?

- % (—4 <£“(Aa)5 L+ (Aa)o‘v) EVT + 12k (AgAp) P IO T (9.16h)

+8k (Aaho) P TP — dr(Na) (M) €7 f“bCJC)

Taking the €25 trace we obtain

N =8 — 10ki 0 + 2kChq; 2¢ = kC) + C, (9.17)
Taking into account that
W N = +02hY (9.18)
Cp - D adj — .

— 24 —



and using (P.15) we obtain the following constraint equation for super quasiconformal
algebras, whose grade zero algebras are different from so(N):

hY 3D
Now we also have
[, Fo] = =5 ((Co+ @) € + & (Co+ ©) + 1 [C2, €7, ) (9.20)

Hence the constraint imposed by the commutation relation [F, F*] =0 is
267 (C2 + €) = Cp€™ + (2 +4KC)) (Ma)® 5 — /<;C§§°‘ - 4R(AaAb)°‘6§ﬁJbJa =0 (9.21)
which, upon contraction with £7€,,, leads to the following condition

%:_1+7N(1\1f)— AL (9.22)

These two conditions (P.19) and (P.22) agree provided

3N (N —1)
D=—1 - .2
16 — N (9.23)
which is also the condition for them to agree with the equation
D 3D
W=2=+—— +1 .24
lP<N+N(1—N)+> (9.24)

which was obtained as a consistency condition for the existence of certain class of infinite
dimensional nonlinear superconformal algebras [R1], P0].

Looking at the tables of simple Lie superalgebras [R1], consistent with our Ansatz
we find the following simple Lie algebras g¢ and their irreps of dimension N that satisfy

these conditions:
do D N

b3 21 8; (9.25)
gdo 14 7
These solutions correspond to the Lie superalgebras f(4) with even subalgebra bs @ s((2,R)
and g(3) with even subalgebras go @ sl(2,R).
We should note that the real forms with an even subgroup of the form H x SL(2,R),

with H simple, admit unitary representations only if H is compact.

10. Minimal representations of OSp (N|2,R) and D(2,1;«)

10.1 OSp(N|2,R)

For the Lie superalgebras osp(N|2,R) the constraint equation (P.15)) does not follow from
the commutation relations and hence must not be imposed. In this case the bilinears
(5650‘ - 50‘55) generate the Lie algebra of the even subgroup SO(N) ( super analog of
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Sp(2n,R). This realization corresponds to the singleton representation of SO(N) and its
quadratic Casimir is a c-number. As a consequence of this the Jacobi identities require
either that we set k = 0 as in the case of the minimal realization of Sp(2n + 2,R). Hence
the minimal realization reduces to a realization in terms of bilinears of fermionic and
bosonic oscillators. Thus the minimal unitary representations of O Sp(/N|2,R) are simply
the supersingleton representations. The singleton supermultiplets of O Sp(N|2,R) were
studied in [27).

10.2 D(2,1;0)

There is a one parameter family of simple Lie superalgebras of the same dimension that
has no analog in the theory of ordinary Lie algebras. It is the family D (2,1;0). The
real forms of interest to us that admit unitary representations has the even subgroup
SU(2) x SU(2) x SL(2,R). It has a five grading of the form

D(2,1,0)=1®(2,2)® (su(2)®su(2) ®A)®(2,2)® 1 (10.1)

Let X%% be 4 fermionic oscillators with canonical anti-commutation relations:

{ Xl Xﬁ,ﬁ} — (BB (10.2)
where «, ¢, ... denote the spinor indices of the two SU(2) factors. Let
1 2 a, a,a 1
E:§x E%% =z X% Azi(xp—kpx) (10.3)

and take the generators of g¥ to be of the form

1 ; : : :
M(Oll’)ﬁ = 1€ <on,aX/3ﬂ + Xﬁﬂ){%ﬁ)

o _ . ' _ (10.4)
M(o;)ﬁ = Zéap < xd B8 4 xB.8 Xma)
They satisfy commutation relations of su(2) @ su(2)
aB arp| _ AB Aok | pay B
MG My | = SOMGY e n
68 ] AB g 16 B,
MG MG = MG+ (10.5)
af arhi] —
MG M| =0
Their quadratic Casimirs are
_ A8 _ i B
Iy = eage)\uM(ai)M(l‘; Ji = EaBEAﬂM(Oé) M(Z’; (10.6)
Their sum is a c-number 74 + Jy = —%. We use just one to construct generator of gt2
1 o 3 9
F=zp*+ =5 (Ta+>+ 10.7
5P +$2<4+4+80> (10.7)
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and

Fo% = i [E*Y, F] (10.8)
Then . .
[Fao'z’ Fﬁﬁ] _ 9B ab [Fe F] =0 (10.9)
Also _ . : .
[ Fod. Eﬁﬁ} = PN — (1= 30) i MG — (1 + 30) e MG (10.10)

The parameter o is left undetermined by the Jacobi identities. For o = 0 the superalgebra
D (2,1,0) is isomorphic to O Sp(4|2,R) and for the values o = 1 it reduces to

SU (2]1,1) x SU (2) .
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